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Abstract
We review the current status of the singularity problem in string theory for non-
experts. After the problem is discussed from the point of view of supergravity, we
discuss classic examples and recent examples of singularity resolution in string theory.
Based on lectures presented at “Frontier of Cosmology and Gravitation” (April 25-27
2001, YITP) and “QFT2001” (July 16-19 2001, YITP).
1 Introduction
In this note, we review the current status of the singularity problem in string theory, in particular
emphasizing on the possible lessons one could draw from the known singularity resolutions in string
theory.
The organization of the present note is as follows. First, in the next section, we discuss the singularity
problem from the point of view of supergravity. Then in Sec. 3, we see some “classic” examples of
singularity resolutions in string theory. However, we discuss in Sec. 4.1 that there are at least two
types of singularities — one which is “resolved” and the one which is “excised.” It is this latter type
of singularities where we have a more understanding in the last few years. So, we quickly review these
examples in Sec. 4.3. In the course of discussion, we also discuss topology change and cosmic censorship
conjecture in the context of string theory.
In the rest of this section, we briefly review supergravity – the classical and the low energy approxi-
mations of string. However, it is not our purpose here to give a detailed review. For further discussion
on supergravity, see the talk by Soda in this volume [49] and see, e.g., Refs. [42, 34, 39]. A supergravity






√−g {e−2φ(R + 4(∇φ)2) + Lmatter} , (1)
where Gd is the d-dimensional Newton’s constant, φ is a scalar field called dilaton, and Lmatter represents
various matter fields such as gauge fields and fermions. If one makes a conformal transformation
gEµν = e
−4φ/(d−2)gµν , (2)














The metric gµν is called the string metric, and the metric g
E
µν is called the Einstein metric. In this note,
we will always write line elements ds2 in the string metric.
Choosing a different conformal frame is just a field redefinition. Thus, physically they have to give
equivalent answers. The definition of curvature singularities, however, seems to depend on the conformal
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frame chosen since a metric changes under the field redefinition. In this sense, the notion of curvature
singularities is not well-defined. But the dilaton is often singular even if a metric may become nonsingular
in a given frame. Thus, one cannot really distinguish the singularity in the metric and the divergence
of the dilaton. In either case, supergravity description is no longer valid near these “singularities.” (The
Newton’s constant corresponds to the constant part of the dilaton e2φ0 from Eq. (1), so the quantum
corrections become important once the dilaton becomes large.) We will call “singularities” whenever
supergravity breaks down in such a broad sense.
The action (1) is the leading order action, and it has various stringy corrections. For example, there








+ · · · (4)
with appropriate coefficients ai, which depend on the theory one considers. Here, ls is the string scale, a
typical size of string.
In general relativity, the event horizon of a stationary black hole must be topologically S2. This is
known as the topology theorem (Ref. [21], Proposition 9.3.2). One feature of higher dimensional theories
is that the event horizon has various kinds of topology [28]. These objects are generically called “black
p-branes.” A black p-brane has the event horizon with topology IRp×Sd−p−2. These branes arise because
string theory has various (p + 1)-form gauge potential Ap+1; a p-brane couples to Ap+1 and carries its
charge. Again for more discussion on branes, consult other references.
For example, M-theory (the d = 11 supergravity) and the Type IIA string has the branes in Table 1.
Below we will mainly consider the BPS limit of black branes.
M-theory W M2 M5 KK
↙ ↓ ↙ ↓ ↙ ↓ ↙ ↓
Type IIA D0 W NS1 D2 D4 NS5 KK D6
Table 1: M-theory branes and their relations to the Type IIA branes. NSp represents a p-brane with a
Neveu-Schwarz–Neveu-Schwarz (NS-NS) charge, and Dp represents a p-brane with a Ramond-Ramond
(R-R) charge. W and KK represent the plane wave solution and the Kaluza-Klein monopole respectively.
2 Singularity Problem — String as SUGRA
2.1 Singularity Theorem and Energy Conditions
Most BPS branes in string theory are actually known to be singular (Table 2). However, this fact itself is
not very useful when one thinks about the singularity problem. First, one often knows only the solutions
to the leading order action (1), and the α′-corrections may change the story. Moreover, when one talks
of the singularity problem, it is not important that a particular solution has a singularity or not. What
is important is that the occurrence of singularities is generically unavoidable or not. The singularity
theorems are important in this respect in general relativity. Fortunately, many theorems in general
relativity do not depend on the detailed form of the Einstein equation
Rµν − 1
2
gµνR = 8piGTµν , (5)
i.e., the detailed form of the energy-momentum tensor Tµν , but depend only on the generic conditions
on Tµν . Thus, many results in general relativity can be extended rather easily to supergravity as well.
Such conditions on Tµν are generically named “energy conditions.”







tµtν ≥ 0 Hawking-Penrose singularity theorem
([22]; Ref. [21], Sec. 8.2, Thm. 2)
Dominant: Tµνt
µ t˜ν ≥ 0 positive mass theorem (ADM mass) [46, 47]
positive mass theorem (Bondi mass) [26, 48]
0th law of black hole thermodynamics [56] (p.333)
topology theorem (no-hair theorem)
(Ref. [21], Prop. 9.3.2; Ref. [23], Thm. 6.17)
cosmic censorship conjecture [56] (p.303, p.305)
Weak: Tµνt
µtν ≥ 0 Penrose singularity theorem (Ref. [21], Sec. 8.2, Thm. 1)
3rd law of black hole thermodynamics [32]
topology change (Tipler) [51] (Thm. 5)
Null: Tµνn
µnν ≥ 0 2nd law of black hole thermodynamics [56] (Thm. 12.2.6)
holographic c-theorem [7]
where t and t˜ are arbitrary future-directed timelike or null vectors, and n is an arbitrary null vector.
As other important applications, topological censorship [8] and Penrose singularity theorem (Roman’s
improvement [44, 45]) use the averaged null energy conditions, and Hawking-Penrose singularity theorem
(Tipler’s improvement) assumes the weak energy condition and the averaged strong energy condition
[52]. One should note that the above applications do not only assume energy conditions, but also make







(→ means that the tip of the arrow is the weaker condition).
There are many versions of the singularity theorems, but the most powerful one is the Hawking-Penrose
singularity theorem with the following assumptions (Ref. [22]; Ref. [21], Sec. 8.2, Theorem 2):
(i). The strong energy condition holds.
(ii). There exists a compact surface called a trapped surface, at which all null geodesics orthogonal to
the surface converge.
(iii). No closed timelike curve exists.
(iv). The timelike and null generic conditions are satisfied.
Thus, as long as these conditions are satisfied, singularities are expected to occur generically for any
metric theories of gravity. Below we will consider the strong energy condition.
The strong energy condition holds for massless scalar fields or for gauge fields, but even physically





tµtν = (t · ∇ϕ)2 + 1
d− 2m
2ϕ2t2 6≥ 0. (6)
The first term is positive definite, but the second term can be negative since t2 < 0. Similarly, a
positive scalar potential violates the condition too. Since a scalar potential contributes to a cosmological
constant, a positive cosmological constant violates the condition as well; thus, the condition is violated
in inflationary universes.
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In string theory, the dilaton violates the condition in the string metric. Also, string theory has
corrections such as (4). Because the curvature becomes large near a singularity, such corrections give large
corrections to a solution. Formally regarding such corrections as Tµν , one can see that such corrections
violate the strong energy condition as well. Thus, the singularity theorem does not hold in string theory.
There could be black holes without singularities. (Incidentally, there have been known special black hole
solutions without singularities by violating the assumptions other than (i). The M5-brane violates the
condition (ii) (the trapped surface is not compact since it is a brane) [11], and J 6= 0 BTZ black holes
violate the condition (iii).)
Since the curvature becomes large near singularities, singularities might be resolved by α′-corrections.
However, in practice, it is hard to check this explicitly since the correction (4) is only the leading order
correction. Once the leading correction becomes important, all the corrections had better be included,
which are practically impossible.
2.2 Classically Singular Spacetimes in String
However, there have been known many exact solutions with all α′-corrections, and some of them are
singular. Among the BPS brane solutions in string theory, the NS1-brane and the plane wave are known
to be exact solutions with singularities. The NS1-brane is given by [5]
ds2 = f−1(−dt2 + dx2) + dr2 + r2dΩ27,
e−2φ = f, (7)
Btx = f
−1 − 1,
where the brane lies along x direction, f = 1 + (r0/r)
6, and r = 0 is the singularity. This solution
was initially obtained without including α′-corrections, but is known to be exact even with all classical
corrections [29].
The plane wave solution is an exact classical solution of any metric theory of gravity (as long as the
theory reduces to general relativity at low energy) [20, 27]:
ds2 = −dudv + dxidxi + F (u, xi)du2, ∂2i F = 0, (8)
where i runs from 1 to d− 2. The reason is because the solution has a covariantly constant null vector l,
i.e.,
∇µlν = 0, l2 = 0, (9)
and the Riemann tensor is proportional to two powers of l. Since any contraction of l vanishes, all second-
rank tensors constructed from curvature tensors and their derivatives must vanish. So, all α′-corrections
to the equation of motion vanish identically. Similarly, all curvature invariants vanish as well. However,
it still has a singularity if F diverges. This is because the tidal forces diverge as one approaches the
singularity. In general relativity, one can classify singularities as follows [53, 21, 56]:
1. s.p. (scalar polynomial) curvature singularities;
2. p.p. (parallelly propagated) curvature singularities;
3. others (the conical singularity, Taub-NUT space, . . . ).
The singularity of the plane wave corresponds to 2.
There is no known generic singularity theorem which applies to string theory. However, since there
are many classically exact solutions with singularities,
Lesson 1: String (as a classical field theory) does not prohibit singularities.
When one talks of singularities in string theory, one should really look at classically exact solutions.
However, below we will mainly focus on the leading order solutions for simplicity.
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M-theory W M2 M5 KK
Singularity 4 × © ©
↗ ↑ ↗ ↑ ↗ ↑ ↗ ↑
Type IIA D0 W NS1 D2 D4 NS5 KK D6
Singularity (string metric) 4 4 × 4 × © © ×
Singularity (Einstein metric) × 4 × × × × © ×
Effective coupling S − W S W S − W
Table 2: Singularities for M-theory and Type IIA branes (BPS limit). The definition of a curvature
singularity depends on the conformal frame chosen. Thus, the presence of singularities are shown both
in the string metric and in the Einstein metric. We also show how the effective coupling eφ varies as one
approaches the branes. The table below shows what various symbols stand for.
Singularity © regular
× s.p. curvature singularity
4 p.p. curvature singularity




As a classical field theory, string does not prohibit singularities. Thus, one needs some stringy mechanism
to resolve singularities. However, some singularities can be resolved simply by embedding into higher
dimensions [11].
For example, the d = 10 Type IIA string is embedded into the d = 11 supergravity as
ds211 = e
−2φ/3ds2 + e4φ/3(dx11 + Aµdx
µ)2, (10)
where ds211 and ds
2 are the line elements in 11 and 10-dimensions respectively (The latter is the line
element in the string metric).
As seen from Table 2, most BPS branes in the Type IIA string are singular (in the leading order
solutions). The NS5-brane is nonsingular, but the string coupling diverges as one approaches the horizon.
Thus, supergravity again breaks down there. In this sense, the NS5-brane is singular as well.
Most Type IIA branes are singular, but some of them can be resolved by embedding into M-theory.
Since M-theory is regarded as more fundamental than string theory in recent years, brane singularities
are not very serious in this respect. However, obviously this method is not enough. Even M-theory
has singular solutions and this method cannot be applied to the Type IIB string, where there is no
embedding in higher dimensions. But one should note that some singularities can be resolved without
an exotic mechanism.
Even though NS1 and W are exact solutions, they are vacuum solutions and lack source terms; they
describe only the “Coulomb part” of the field. Including the source term in the field equation may lead
to α′-corrections and may smooth out these singularities [54].
3 Singularity Problem — Stringy Resolutions
3.1 Dualities
As we saw, classical spacetime itself could be singular even in string theory. However, this does not
necessarily imply that physics is singular there. The natural probe in string theory is string and branes.
If physics of string and branes itself is not singular, a singularity in a metric does not matter.
Strings behave very differently from point particles. As a simplest example, let us consider strings
on a cylinder with radius R (Fig. 1). The effect of the compactification appears in two ways. First, the
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